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ANALYTIC EXTENSIONS AND SELECTIONS1

BY

J. GLOBEVNIK

Abstract. Let G be a closed subset of the closed unit disc in C, let F be a

closed subset of the unit circle of measure 0 and let 4> map G into the class

of all open subsets of a complex Banach space X. Under suitable additional

assumptions on $ we prove that given any continuous function/: F-*X

satisfying_/(z) e closure(*(z)) (:E/nC) there exists a continuous

function / from the closed unit disc into X, analytic in the open unit disc,

which extends / and satisfies /(z) e i»(z) (:EG- F). This enables us to

generalize and sharpen known dominated extension theorems for the disc

algebra.

Let/» be a real valued positive continuous function on the unit circle Tin C

and let F c T be a closed set of Lebesgue measure zero. Given any

continuous function/: F'-> C satisfying \f(s)\ < p(s) (s E F) there exists a

function / in the disc algebra which extends / and satisfies |/(r)| < p(t)

(t E T). This simple dominated extension theorem is a special case of a more

general theorem proved by E. Bishop [1]. See [l]-[3], [6], [7], [10] for such

theorems in general spaces of continuous functions and see [7] for the most

general dominated extension theorem in the disc algebra.

Writing $(i) = {z £ C: \z\ < p(t)} (t E T) the above theorem becomes a

selection theorem: Given any continuous function/: F—> C satisfying f(s) E

$(i) (s E F) there exists a function / in the disc algebra which extends / and

satisfies/(i) E $(i) (t E T).

In the present paper we use some ideas of [5] to prove a selection theorem

for the disc algebra which generalizes and sharpens known results on

dominated extensions.

Throughout, we denote by A, A and 3A the open unit disc in C, its closure

and its boundary, respectively. If A' is a complex Banach space and r > 0 we

write Br(X) = {x & X: \\x\\ < r). Let x E X and S,T c X. We write x + S

= {x + u: u E S} and S + T = {u + v: u £ S, v E T) and denote by S

the closure of 5*. By A (A, X) we denote the Banach space of all continuous

functions from A to X which are analytic on A and by A we denote the disc

algebra A (A, C). We write I = {t: 0 < t < 1} and denote the set of all

positive integers by N.
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Suppose that {pa; a E ££} is a family of nonempty open subsets of X. For

each a E. & let xa E Pa. We say that the sets Pa (a E <£) are equi-locally

connected at the points xa if given any e > 0 there is some 8 > 0 such that for

every a G & the set (xa + BS(X)) n 7^ is contained in a connected

component of (xa + 5£(Jf)) n 7>a [9]. We call any such S(-) a modulus of

equi-local connectedness of the sets 7^ (a E £E) at the points xa.

Let 5 c A be a closed set and let X be a Banach space. We call the graph

of a map $: S -> 2a" the set of all pairs (z, x) E. S X X such that x E <3>(r).

We say that $ is open if its graph is open in S X X; equivalently, <& is open if

given any z E S and any x E $(z) there is some e > 0 such that x + Be(X)

C $(«) (« E S: \u — z\ < e). In particular, if $ is open then O(z) is open for

every z E S.

Our main result is the following:

Theorem. Let X be a complex Banach space and let G a Abe a closed set.

Assume that <E>: G -» 2* « a« open map such that g(z) E <I>(z) (z E G) /or

jo/ne g E v4 (A, X). Lei F cd A be a closed set of measure 0 ûaw/ /eí f: F—* X

be a continuous function such that f(s) E $>(s) (s E G n F). Assume that 4>(i)

z'j connected for each s E G n F and that the sets $(s) (s E G (~) F) are

equi-locally connected at the points f(s). Then there exists an extension f E

A (A, X) of f which satisfies f(z) E O(z) (z E G - F).

Lemma. Under the assumptions of the theorem with G = A, let U c A be a

neighbourhood of F and let e > 0. Suppose that F = U "„ x Ft where the F¡

(1 < /' < m) are pairwise disjoint nonempty closed sets. Assume that u,v:

7""—» X are two functions such that v(s) E $(s) (s E F) and such that u\F¡ and

v\F¡ are constant for each í (1 < I < m). Suppose that there is some ü E

A(A, X) which extends u and satisfies ü(z) E <P(z) (z E A). Then there is an

extension v E A(A, X) of v which satisfies v(z) E 4»(z) (z E A) and \\ü(z) —

v(z)\\ < e(z E Ä - U). If, in addition, R > 0 and

\\u(s) - f(s)\\ < S(R),       \\v(s) - f(s)\\ < Ô(R)       (s E F)

where o(-) is a modulus of equi-local connectedness of the sets Í>(j) (s E F) at

the points f (s) then one may choose v so that \\ü — v\\ < 4R.

Proof. We prove both assertions; the proof can be easily adapted to prove

only the first assertion.

Observe first that by compactness of A, by the continuity of ü and by the

fact that $ is open there is some tj > 0 such that ti(z) + Bn(X) C í>(z)

(z E A). For the moment, fix s E F. The assumptions imply that there is a

path /»: 7 -^ $(s) such that /»(0) = u(s), p(\) = v(s) and \\p(t) - f(s)\\ < R

(t E 7). Since $ is open and since/»(7) is compact there is some r' > 0 such

that/»(7) + Br,(X) c $(z) (z Ê Ä, \z - s\ < /•').
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Since u and v are constant on F¡ for 1 < /' < m there are paths/»,: I —>X

(1 < /' < m) and an r > 0 such that

/»,(0) = u(s),      /»,-(l) = v(s)       (s E F„ 1< i < m),

Pi(I) + B3r(X) c #(*)       (z E Ä, dist (z, F,) < r, 1< i < m),

diam/»,(7) < 2Ä       (1 < / < m),

and r < min{e, /?, tj}. By the continuity of ü we may choose pairwise disjoint

neighbourhoods Vi, c U of 7^, respectively, such that

/»,.(/) + ¿?3r(*) C *(z),       H« (z) - /»,(0)|| < /•       (i6l/((Ui< m).

By [4, Lemma 4] there exists for each / (1 < / < m) an h¡ E A(A, X) such

that

h,\F, -(» - tt)|f)        (1 < i < m),

A,|f) = 0       (1 < / < m,/ * f),

A,(Ä) C -/»,(0) + /»,(/) + ¿?r(X)       (1< i < m)

||«,(z)|| < r/m        (z E Ä - U„ 1 < i < m).

Put v = ü + S?! ! A,. As in [5, p. 375] it is easy to see that v has all the

required properties.   Q.E.D.

Proof of the Theorem. It suffices to prove the Theorem in the case when

G = Ä (otherwise define *(z) = 4>(z) (z E G), ^(z) = X (z E Â - G), ob-

serve that ^ is an open map and apply the theorem to ^). Further, it suffices

to prove the Theorem in the special case when g = 0 (otherwise define

^(z) = - g(z) + í>(z) (z E G), observe that, by the continuity of g, ^ is

open, apply the theorem to ^ and to the function s t-> h(s) = — g(s) + f(s)

and finally put / = g + h). So assume that G = A and g = 0.

Let 5() be a modulus of equi-local connectedness of <f>(s) (s E F) at the

points f(s) and let 5„ be a decreasing sequence of positive numbers conver-

ging to 0 and satisfying 8n < ô(\-2~")(n E N). As in the proof of Lemma 5,

[5, pp. 371-372] it follows from our assumptions that for each n there is a

decomposition F = U Jí, F¡ where the F¡ are pairwise disjoint nonempty

compact sets, and a function/,: F-* X such that/„|F¡ is constant for each i

(1 < / < mn) and such that

(a)/» E <&(*) (5 E F, n E A/),

(b) \\fn(s) - f(s)\\ <8n(sEF,nE N).

We may assume that for all n, each element of (n + l)st decomposition is

contained in an element of nth decomposition. Since O is open, 0 E <í>(z) for

all z E A, and since A is compact there is some e0 > 0 such that Be¡¡(X) c

<I>(z) (z E A). Let U„ c A be a decreasing sequence of neighbourhoods of F
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such that F= n "=1 i/„. Assume that there exist a decreasing sequence e„ of

positive numbers satisfying e„ < e0 (n E N) and a sequence gn E A(A, X),

g0 = 0, with the following properties:

(0 Sn\F = f„\F(n E N),

(ü) II&, - Ä.-ill < l/2"~* (» G tf,« >_2),
("O ||&(^) - Ä,_,(*)|| < %-i/TJz EA-Un,nE N),
(iv) gn(z) + B^X) c O(z) (z E A, r E N)._

By (ü)> &, converge uniformly on A so putting/(z) = limn^00 g„(z) (z E A) we

have f E A(A, X). By (i) and (b) f\F = /. Further, let z E Ä - I/,. Writing

/(*) = 2?=0 (&,+,(*) - &,(*)) it follows by (iii) that /(z) E BEo(X) C *(*).

Finally, if z £ Í/, - F then for some « E N we have z & Uj (j > n) so by

(iii) and (iv) it follows that

f(z) = gn(z)+ f [g7 + 1(z)-g,(z)]   E&(z) + ¿?J*) C $(z)

and consequently/has all the required properties.

It remains to prove the existence of e„ and g„ with the above properties. Put

g0 = 0. By the first part of the Lemma there is some gx E A (A, X) satisfying

gx(z) E <ï>(z) (z E A) and such that (i) and (iii) hold for n = 1. Since $ is

open, gx(z) E <&(z) for all z E A and since A is compact there is some e, with

0 < e, < e0 such that gx(z) + Bt (X) C ®(z) (z E A). Let m E N and assume

that gmE A (A, X) satisfies (i) and (iv) for some em > 0. By theLemma(a) and

(b) imply that there is some gm+x E A (A, X) satisfying (i)—(iii) for n = m + 1

and such that gm+l(z) E O(z) (z E A). Again, since O is open, gm+x(z) E 3>(z)

(z E A) and since A is compact there is some em + x with 0 < em+1 < em such

that gm+x(z) + B^JX) c *(z) (z E Ä).    Q.E.D.

Next we present some simple applications. In Corollaries 1-6 below G can

be either A or 3A.

Corollary 1. Let X be a complex Banach space and let p: G -* (0, oo) be a

lower semicontinuous function. Given any closed set F c 3A of measure 0 and

any continuous function f: F -± X satisfying ||/(ä)|| < p(s) (s E F) there exists

fEA(A,X) which extends f and satisfies \\f(z)\\ < p(z) (z E G - F).

Moreover, if z, £ A (1 < j < k) and if n, (1 < / < k) are positive integers, f

can be chosen to have a zero at Zj of order at least n¡.

Proof. Since p is lower semicontinuous the map zr->$(z) = {x E X:

\\x\\ < p(z)} is open on G. Further, since/» is lower semicontinuous there is

some 5 > 0 such that/»(z) > o (z E G). Consequently g El A (A, X) defined

by g(z) = 0 (z E A) satisfies g(z) E O(z) (z E G). Further, it is easy to see

that any family {Pa; a E a) of nonempty open convex subsets of X is

equi-locally connected at the points xa for any xa E Pa (a E &) so the sets
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4>(j) (s E F) are equi-locally connected at f(s). Now the first assertion

follows by the Theorem. To prove the second assertion, multiply / by <p E A

which satisfies <p\F — 1, \<p(z)\ < 1 (z E A) and has a zero at Zj of order at

least w, [2, Theorem, pp. 284-285].   Q.E.D.

Corollary 1 sharpens and generalizes [2, Theorem, pp. 284-285]. Note that

in the case when X = C Corollary 1 is an easy consequence of [6, Theorem

3].

Corollary 2. Let X be a complex Banach space and let P c X be a

nonempty open connected set which is locally connected at every point of P. Let

<p: G —* C be a continuous function such that <p(z)g(z) E P (z E G) for some

g E A (A, X). Given any closed set F cd A of measure 0 and any continuous

function f: F—> X satisfying (p(s)f(s) E P (s E F) there exists f E A (A, X)

which extends f and satisfies <p(z)/(z) E P (z E G — F).

Proof. Define 4>(z) = {x E X: <p(z)x £ P) (z E G). Since P is open and

since <p is continuous 0 is an open map; since P is connected $(z) is

connected for each z E G. By the continuity of <¡p and / the set S =

{<p(s)f(s), s E F} c P is compact and consequently P is uniformly locally

connected on S [5]. Since <p is bounded on F it follows easily that the sets

<3>(j) (s £ F) are equi-locally connected at the points f(s). Now the assertion

follows by the Theorem.   Q.E.D.

Similarly we prove

Corollary 3. Let X be a complex Banach space and let P c X be a

nonempty open connected set which is locally connected at every point of P. Let

h: G —» X be a continuous function such that h(z) + g(z) c P (z E G) for

some g E A (A, X). Given any closed set F c 3A of measure 0 and any

continuous function f: F'-» X satisfying h(s) + f(s) £ P (s £ F) there exists

f £ A (A, X) which extends f and satisfies h(z) + f(z) £ P (z £ G - F).

Next we present some dominated extension theorems for the disc algebra.

Corollary 4. Let p: G —> [0, oo) be an upper semicontinuous (USC)

function and let q: G —> (0, oo) be a lower semicontinuous (LSC) function such

that p(z) < \g(z)\ < q(z) (z £ G) for some g £ A. Given any closed set

F cd A and any continuous function f: F—» C satisfying p(s) < \f(s)\ < q(s)

(s E F) there is an f E A which extends f and satisfies p(z) < \f(z)\ < q(z)

(z EG - F).

Proof. Define $(z) = {£ E C: p(z) < |J| < q(z)} (z E G). Let z0 E G

and let f0 E <&(z0). For some e > 0 we have/»(z0) + e < |tj| < q(z0) - e for

all  t/ £ f0 + BC(C).   Since p  is  USC  and  since  q  is  LSC  there  is  a
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neighbourhood U c G of z0 such that p(z) < p(z0) + e, q(z) > q(z0) — e

(z £ U) and consequently 0 is open on G. Clearly <I>(z) is connected for

every z £ G. Let 0 < r < R and let S = {$ E C: r <]£| < R}. It is easy to

see that (z + Be(C)) n S is connected for every z E S and for every e > 0.

Consequently the sets $(î) (j E F) are equi-locally connected at the points

f(s). Now the assertion follows by the theorem.   Q.E.D.

Remark. To prove Corollary 4 in the case when G = 3A one needs to

assume only that/»(z) < q(z) (z £ G) and one does not need the existence of

g E A. Namely, by [10, Theorem 5.3, p. 15] there exists a continuous

function <p: G —> R satisfying p(z) < <p(z) < q(z) (z E G) and since G is

compact there is some e > 0 such that p(z) + e < <p(z) < q(z) — e (z £ G).

By [11, p. 216] A approximates in modulus on 3A so there is some g £ A such

that <p(z) — e < \g(z)\ < <p(z) + e (z E G) and consequentlyp(z) < \g(z)\ <

q(z) (z E G).

Corollary 5. Let /»,, qx: G —> R be two upper semicontinuous functions and

let p2, q2: G -» R be two lower semicontinuous functions such that px(z) <

Re g(z) < p2(z), qx(z) < Im g(z) < q2(z) (z £ G)for some g E A. Given any

closed set F cd A of measure 0 and any continuous function f: F -» C satisfying

px(s) < Re/(s) < p2(s), qx(s) < lmf(s) < q2(s) (s E F) there exists an f E

A which extends f and satisfies px(z) < Re/(z) < p2(z), qx(z) < Im/(z) <

q2(z) (zEG- F).

Proof. Define $(z) = {f £ C: px(z) < Re f < /»2(z), ç,(z) < Im f <

q2(z) (z £ G) and observe that by the semicontinuity of /»„ p2, qx, q2 <ï> is

open on G. Further, since i>(z) is convex for every z E G it follows that the

sets <b(s) (s E F) are equi-locally connected at the points f(s). Now the

assertion follows by the Theorem.   Q.E.D.

Corollary 6. Let p: G-*(0, oo) be a lower semicontinuous function. Given

any closed set F cd A of measure 0 and any continuous function f: F ^>C

satisfying \f(s)\ < p(s), Re/(i) > 0 (s E F) there exists an f £ A which

extends f and satisfies |/(z)| < p(z), Re/(z) > 0 (z £ G - F).

Proof. Define $(z) = (f E C: |f | < p(z), Re f > 0} (z £ G). Since/» is

LSC, $ is open on G. Since /» is LSC and positive and since G is compact

there is some 8 > 0 such that p(z) > 8 (z £ G). Define g £ ^4 by g(z) =

5/2 (z E A). Clearly g(z) £ $(z) (z £ G). Since $(z) is convex for every

z £ G it follows that the sets <&(s) (s E F) are connected and equi-locally

connected at the points f(s). Now the assertion follows by the Theorem.

Q.E.D.
Corollary 6 with G = 3A sharpens [7, Corollary 4.5]. Corollary 6 with

G = A answers a question in [7, p. 294].
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